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Introduction. 


The  principal  subject  of  this  paper  is  an  application  of  the  cubic 
involution  to  the  problem  of  reduction  to  elliptic  integrals,  of  hyperelliptic 
integrals  of  genus  p  =  3  and  of  the  first  kind,  by  a  rational  transformation 
of  the  third  degree. 

It  forms  thus  a  continuation  of  Professor  Bo  1  z  a 's  researches  on  the 
cubic  transformations  of  elliptic  integrals,  and  cubic  reductions  of  hyper- 
elliptic integrals  of  genus  p  =  2.  ^) 

It  is  also  closely  connected  with  the  work  of  J.  I.  Hutchinson, 
in  his  dissertation^)  where  be  applies  the  quadratic  involution  to  a  similar 
problem  where  p  =  2. 

In  Part  I  the  general  case  of  cubic  reduction  is  considered,  after 
the  connection  of  the  problem  with  the  theory  of  cubic  involution  has 
been  established  (§  1). 

The  invariant  condition,  which  must  be  satisfied,  in  the  case  of  cubic 
reduction,  by  the  octavic  on  whose  square  root  the  hyperelliptic  integral 
depends,  is  obtained  (§  2),  and  the  most  general  reducible  integral  is  deter- 
mined in  its  most  general  lorm,  first  in  a  normal  form  (§  3),  then  indepen- 
dent of  any  normal  form  (§4  —  §  7.) 

The  main  subject  of  Part  II  is  the  singular  case  of  simulta- 
neous reduction  of  the  second  and  third  degree,  that  is,  where 
two  hyperelliptic  integrals  having  the  same  octavic  are  reducible  to  elliptic 
integrals,  one  by  a  transformation  of  the  second  degree,  and  the  other  by 
one  of  the  third    (§  3  —  §  8). 

As  an  introduction  to  this  part  the  general  case  of  quadratic  reductions 
(p  =   3)    is   considered    (§    1),   and   the   special    cases   of  more    than    one 


')  "Die  cubische  Involution  und  die  Dreitheilung  und  Transformation  dritter 
Ordnung  der  elliptischen  Functionen"  and  "Zur  Reduction  hyperelliptischer^Integrale 
erster  Ordnung,  auf  elliptische  mittels  einer  Transformation  dritten  Grades".  Math.  Ann. 
Bd.  50,  pag.  68  and  pag.  314. 

^)  "On  the  reduction  of  Hyperelliptic  Functions  (j)  =  2)  to  Elliptic  Functions 
by  a  transformation  of  the  second  degree."     Chicago  1897. 
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reduction  for  a  given  radical  are  determined.  A  complete  table  of  such 
cases  is  formed  (§  2). 

In  the  last  Part,  the  involution  is  specialized  to  one 
containing  two  cubes.  For  this  special  form  the  most  general  redu- 
cible integral  is  determined  (§  1),  and  the  cases  of  simultaneous  reduction 
of  the  second  and  third  degree,  (§  2). 

For  one  of  the  latter  cases,  in  which  the  hyperelliptic  curve  can  be 
reduced    to    the  normal  form 

the  reduction  problem  is  studied  by  means  of  Weierstrass- Pi  card 's 
theorem  on  the  periods  of  reducible  integrals  (§  3).  This  leads  us,  not  only 
to  a  confirmation  of  the  results  previously  obtained  by  algebraic  methods, 
but  also  to  a  determination  of  all  hyperelliptic  integrals  of  the  first  kind, 
belonging  to  the  curve 

y-  =  2-  (1  —  x«^), 

which  are  reducible  to  elliptic  integrals  by  rational  transformations  of  any 
degree. 


Part  I. 


§  I.     Connection  of  the  problem  with  the  cubic  involution. 

We  will  first  investigate  the  general  form  of  a  hyperelliptic  integral 
of  the  first  kind  and  of  genus  three,  which  is  reducible  to  an  elliptic  integral 
by  a  rational  transformation  of  the  third  degree. 

The  method  used  by  Jacobi  for  the  transformation  of  elliptic 
integrals  ^),  can  be  extended  at  once  to  the  investigation  of  the  reducibility 
of  hyperelliptic  integrals,  and  furnishes  the  results :  — 

In  order  that  the  hyperelliptic  integral 

-  q  (oJi  x^  {xdx) 


J 


i  R  (x,  X,) 

where  q  (.r,  x^)  is  a  quadratic  and  B  (.rj  X2)    an    octavic    quantic,    shall    be 
reducible  to  the  elliptic  integral 

M 


iy^y) 


y  (!/i  —  ^1 2/2)  Q/i  —  K  y-2)  (3/1  —  h  3/2)  Cyi  —  h  3/2) 

M  being  a  constant,  by  the  transformation 

y,=    U 

3/2=     ^ 

U  and  V  being  cubic  quantics  in  (:r^  x.^),  it  is  necessary  and  sufficient  firstly, 
that  R  may  be  broken  up  into  two  cubic  factors  -Rj,  /t'g,  and  two  linear 
factors  {xe^)f  {xe^),  such  that  j. 

U  -  X^V  =  R, 

U  —  k,V  =  R, 

U  —  Xlv  =  {xd^Y  (xe^) 

U  -  X,V=  {xd,y  {xe,) 

and  therefore  R  =  R1R2  (^^1)  (^«2)« 

Evidently,  the  four  factors  U  —  Xi  V  belong  to  a  cubic  involution, 
and  the  last  two  are  branch  triples  of  that  involution,  and  therefore, 
this  condition  requires  that  the  octavic  shall  be  decomposable 
*nto  three  factors,  two  cubics  which  shall  define  a  cubic 
involution  and  a  quadratic  whose  roots  are  branch  points 
of  that  involution. 


1)     Fundamenta  Nova,  Werke,  Bd.  I,  pag.  55. 


And  secondly,  since  iyJif)  =  UdV  —  FdC/ which,  being  proportional 
to  the  Jacobian  of  U  and  F,  has  for  roots,  the  four  double  points  of 
the  involution,  and  since  two  of  these  double  points  appeared  in  squared 
factors  in  the  quadratics  (3),  the  quadratic  q  {x^x.,)  must  have, 
as  roots,  the  two  double  points  of  the  involution,  not  cor- 
responding to  the  branch  points  occurring  in  R  {x^x^. 

Thus  a  hyperelliptic  integral  which  is  reducible,  must  have  the  form 

(4)  r (ardg)  {xd^^)  (xdx) 

J  V  (xe^)  (xe^)  {XJ\  +  A2/2)  (/tji  +  ^2/2) 
where  /j    and  /g  are   linear  homogeneous  functions  of  the  cubics  U  and    V 
and    {xd.y    (xe.)    for    t  =    12  3  4,    denote    the    branch    triples    of    the 

involution 

U  -  XV; 
and  if  an  integral  have  this  form,  it  is  reducible. 

§  2.    The  cubic  involution  and  the  invariant  condition  for 

reducibility. 

We  collect  in  this  paragraph,  those  properties^)  of  the  cubic 
involution,  of  which  we  will  make  frequent  use. 

A  cubic  involution  is  defined  by  the  equation 

/l    +    ^/2    =    0 

where  /j    and  /g    are    two    given   cubic    quantics,    and    A    is    an    arbitrary 
parameter. 

We  require  the  following  combinants. 

Being  given  one  point  ?/  of  a  triple,  the  other  two  points  are  the 
two  roots  of  the  "affinity  equation" 

(6)  3  ^  2^  2  +  -!r   /  (xyY  =  0. 

a;      y  -  "^ 

The  double  point  of  the  involution  are  the  roots  of  the  equation 

(7)  ^  =  0, 
and  the  four  branch  points,  of  the  equation 

(8)  3  H^  -f  J^  =  0. 

We  also  define  a  biquadratic  F  as  follows :  — 

r=2  J/^  +  \  Ji> 


(9) 


1)     We  refer  for  these  statements  to  Bolza's  paper   in  the  Annalen,  Bd.   I,  §  1, 
where  the  literature  of  the  subject  is  given. 


Tlio  first  polar  of  F  with  respect  to  an  arbitrary  constant  A  is  the  cubic 
involution  itself. 

For  a  given  ^  there  exists  besides  the  involution  of  which  we  have 
ju3t  spoken,  another  called  the  conjugate  involution. 

For  this  involution,  the  combinant  J  has  the  opposite  sign,  i.  e. 
J"=  —J. 

The  rest  of  the  combinants  in  (5)  are  unchanged.  The  affinity,  and 
branch  equations,  are  obtained  form  (6)  and  (8)   by   replacing   «/  by  —  J> 

while  the  corresponding  F  is  so  defined :  — 

r  =  2  7/3  -  I  Jiy.  (10) 

We  saw,  in  §  1  that  R  (^1^2)  must,  for  a  reducible  integral,  have 
the  form  B^  !i^  {xci)  (xe.^). 

Denoting  the  quadratic  whose  roots  are  e^  and  Cg  by  N,  we  have 
the  condition  for  reducibility  in  the  following  form:  — 

Theorem.  In  order  that  there  shall  exist  a  reducible 
hyper  elliptic  integral  of  the  first  kind  belonging  to  R  {x^x.j), 
it  is  necessary  and  sufficient  that  R  {x^  X2)  be  decomposable 
into  the  factors  R^  ,  i?2 ,  and  N,  such  that  the  quadratic  N 
shall  divide  exactly  the  branch  form  3 //^  -|-  J^ ,  for  the 
involution  determined  by  the  two    cubic  factors  R^  and  R.^. 

This  condition  is  equivalent  to  two  algebraic  relations  between  the 
roots  of  R,  in  accordance  with  the  general  theory  of  reduction^);  it  can 
be  represented  by  the  identical  vanishing  of  a  simultaneous  biquadratic 
covariant  of  N  and  3  //  +  J^.  2) 

§  3.    A  normal  form  for  the  reducible  integral. 

From  the  form  of  the  reducible  integral  in  §  1,  we  see  that  the 
double  points  are  associated  in  pairs,  and  for  that  reason  we  choose  the 
following  normal  form,  which  Klein  uses  in  his  Modulfunctionen^). 

Denoting  the  roots  of  0  by 

x,^\x}'^:  i  =  1  2  3  4  ,  and  ^/*^a;/^^    -   x}'^ x^^'^  by  (ik), 
we  have  the  three  invariants 

A  =  (12)  (34) 
D  =  (13)  (42) 
C    =  (14)  (23) 

where  ^  +  5  +   C  =  0. 
Then   ^   can   be    transformed    by   a    linear   transformation    of    deter- 
minant  =-  1   into  5-  =  x^^x.2  {x.2  —  x^)  {Axi  -\-  Bx^. 

1)  Konigsberger,  Crelle  85. 

2)  Clebseh,  Binlire  Formen  §  27,  jiag.  94. 

3)  Modulfunctioneii  pag.  7. 
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Here  we  have  the  pairing  of  two  roots  put  in  evidence. 

We  find  the  branch  points  from  the  affinity  equation.  Forming  this 
equation  for  any  double  point,  that  point  will  be  a  root  of  it,  but  the 
other  root  is  the  corresponding  branch  point.  The  affinity  equation  corre- 
sponding to  the  point  d,  is  given  symbolically  thus,  — 

6  ^  2  ^ /  +  J  {xdy  =  0. 

This  must  be  expressed  in  terms  of  the  coefficients  of  our  normal 
form  of  ^  and  also  x  and  d. 

The  affinity  equation  becomes 
—  'dAix^^-d^d^  +  x,x.^d^^)  +  (A  —  B)(4:X,x,d^d.,  +  x^^'d.,^  -f  x^/d^') 
-f  3B{XiX.^d.;i'^  -{-  x.j,d^d.^  -\-  J{x^^d./  —  2Xyx/d^d^^  -\-  x.^^ d{^)  =  0. 
The  invariants  can  be  expressed  in  the  following  way  ^). 
A  =  2/Y3 /i  \  •  B   =  2i-\/3  L.T,   •   I  =  2iV3  l^  %  ; 
where   the   /'s    are    the   irrational   invariants   of  the    cubic   involution   used 
by  B  o  1  z  a  ^). 

They  are  defined  by  the  equations  li  =  v  Ki  where  the  K's  are  roots 
of  the  resolvent  cubic, 

4iC3  _|_  4  j/^'2  j^  j2  jc  _J)  =  0 

and  are  connected  by  the  following  relations.  — 

(12)  /,  +  /,  -f  ^3  =  0  ;  /i  -  ^2  =  1^3  "^  ^/^  —  /g  =  i  1^3  7,  ; 

^3  —  /j  =  i  y  3  1.2' 

Using  these  values  for  the  invariants  the  above  method  yields  the 
foUoAving  four  branch  triples: 


I. 

II. 

III. 

IV. 

By  the  method  of  §  1  and  using  the  first  two  double  points  as  the  roots 
of  q  {x^  x.^  and  the  first  two  branch  triples  as  U  and  F,  we  obtain  the  result : 
Theorem:  Every  hyper  elliptic  integral  which  is  redu- 
cible by  a  transformation  of  the  third  degree,  can  be  trans- 
formed, by  a  linear  transformation  of  the  independent 
Variable,  into  the  form  — 


double 

point. 

branch  point. 

Xy  —  0 

x^  —  iVS  /     a?2 

x-j,  —  0 

'''     in\  ""' 

Xy                         X.^ 

> 

_       ^2 

X^    — -       .       X2 

'1 

k 

I, 

^2 

X 

^Ti    =  — 

h 

\ 

x^   —                   X., 
'1 

')     I.  c.  50.     (pag.  94)  equation  (77). 
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\   ^       [A^(/^a;i  +  il/3  /^  X.;)  X,'  +  ; 


'  X^    iii O    l^    X^    l,X.^  X.2']    X 

[fx^  (l^Xi  -\~  iV'd  I2X.2)  Xi^  +  fi,  (i  VS  l^Xi  —   l.jX,)  x/]] 
which  by  the  transformation 

yi  =  (i.x,  +  i]/ol,x2)xi^ 

y,  =  (iV'^liXi    —  L^x-^x.^^ 
reduces  to  the  elliptic  integral 

Cv^.v) 


f 


f 


J       O/i  +  y-^  ik  fi^  Vi  -  k'^yi)  (Kyv  +  hv-z)  (i-hyi  +  i-hv^ 

where  l^  k  ^a  ^I'e  three  parameters  satisfying  the  relation  /^  -f"  ^2  H~  ^3  =  0, 
while  /j  ,  L,  and  /g  are  determined  by  (12);  the  parameters  A^  :  X.j  ^ 
jUj  :  jte^ ,  arc  arbitrary.  The  integral  thus  depends  on  three  independent 
non  -  homogeneous  parameters,  wliich  agrees  with  the  above  result  in  the 
end  of  §  2. 

§  4.    A  Theorem  on  cubic  involutions. 

We  proceed  noAv  to  give  the  reducible  integral  in  its  most  general 
form  independent  of  any  normal  form.  For  this  purpose,  we  add  a  lemma 
on  cubic  involutions,  Avhich  will  be  useful  since,  in  our  problem,  the  double 
points  and  also  the  branch  points,  are  associated  in  pairs. 

We  have  immediately    from  Clebsch,   Biniire  Formen   pag.    159:  — 

i}  = ('/2  -   ip^)  (14) 

m.,  —  m.^     " 

where  ip  and  X  ^yg  two  of  the  quadratic  factors  of  T^,    and  the    m's    are 

roots  of  the  cubic  resolvent  of  ^. 
We  deduce:  — 

3//.    +  J^  =  ? (f^ip'    -   l^x")  ^^^^ 

r  =  2//  +  l-Jiy  =  -ii—  (-/;^2  __  r.f)  ^^^^ 

'"2  ^3 

From  inspection  it  seems  highly  probable  that  the  factor  (ip  —  x) 
of  (1-1),  should  yield  the  double  points  which  correspond  to  the  branch 
points  given  by  one  of  the   factors  {l-^ip  +  I2X)  of  (^5). 

We  will  proceed  to  find  out  if  this  surmise  be  true. 

For  our  work  we  require  the  affinity  ecj[uation 


'  expressed  in  terms  0?  ip ,  x  and  the  wj's. 


3  ^J^J  +  \  J  i^yf  =  0       (6) 


(17) 
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First  find   ^  -  i)  - ;   usint^    the    expression  of  i^  given  in  (14)  we  have 
X      y 

the  second  polar  of  x^  with  regard  to  ?/  =  x{x)  X{y)  —  j  {^uY  -'^22 

and    „      „        „     „  V^'    r        n      V  y  =^  ^^)  n^iy)  —  \  i^y)  Ai 

where  ^) 

-4 11  =  i  ("'1  —  '"2)  ("«2  -  '"3) 

^22  =  i  (^2  —  Wy)  (»«3  -  »«i) 
.'.  we  find  after  substituting  these  vahies  — 

2 

whence  the  aflfinitj  equation  is 
08)  Af[y)  =         "         [X(x)Xiy.  —  V'(a;)^(y)]  +  ^2  k  i^cyf  =  0 

'"2  '"3 

since  (wj  -f  i  J)  =  /^ /g .     2^ 

(19)  Let  us  suppose  f^fp  —  kx  ""=  {xe)  {xe). 

Then  the  method  of  testing  if  our  surmise  be  true,  is  the  following ;  — 

we   form  the    affinity    equations    for    e   and    e';    their    product    must    be    a 

perfect  square,  and  if  our  surmise  be  true,  the  square  of  one  of  the  factors 

(^  ±  X). 

Now  Af  {e).Af  (0  is  the  resultant  of  (18)  and  (19). 

We  form  this  resultant  by  means  of  symbolic  notation. 

Let  Af(y)  =  a,/    =    ^^^  •x  =  Xy^  ]  ^P  =  V'/  '■>   h-^  -  hv.  =  V  =  V  '•> 

and  p  =  {xyf  =  p,f. 
The  resultant  is 

^20;  ^    =    (««)'    m'    -     W    («i5)l 

We  find  at  once,  bearing  in  mind,  — 

{pipy,  =  ip]  {px\  =  /;  ixx);  =  '-^22;  (^^)2  =  -^11 

where     A^^  =  \  {w^  —  m^)  l^  {l^  —  h)  ] 


(21) 


^22  =  7  (»^'2  —  ^^3)  h  ih  —  h) ; 

that  (aay  =  /,  (1,'ip  -  l,'x)  ; 


')     CI eb .sell,  Binare  Forinen.     §  45. 
2)     Bolza,  1.  c.  (72). 


—   11   - 

similarly 


»"2  —  "'3 


.-.  from  (20) 

R  =  l^i/hn^  -  XY.  (-22) 

.'.  our  surmise  was  correct  and  we  have  proved  the  following 
theorem :  — 

In   any   cubic   involution    the   Jacobian    and    the    branch 

equation,  when  expressed  in  terms  of  the  Clebsch  functions 

2 

ip  and  X  and  the  invariants  ins  and  ^.«f,  assume  tli  e  forms ■ 

'  77*2  -  «*3 

6 
iX'  —  *A')  and  'J-/ ^"^    —    ^2^  X')  respectively;     the    double 

points  yielded  by  the  factor  {ip  —  x)  of  the  Jacobian 
correspond  to  the  branch  points  yielded  by  the  factor 
{l.ip  —  l.jx)  of  the  branch  equation  and  there  is  a  like  cor- 
respondence between  the  roots  of  {tp  -\-  x)  and  {Lip  -\-  I2X)' 

An  entirely  analogous  reasoning,  applied  to  the  conjugate  involution, 
shows  that  there  the  double  points  yielded  by  {yj  —  x)  of  the  Jacobian 
correspond  to  the  branch  points  yielded  by  the  factor  (/^  ip  —  \x)]  and 
similarly  for  the  factors  {ip  -{-  X>  and   (/g  ip  -j-    l.^  x)- 

§  5.     First  general  form  of  the  reducible  integral. 

We  can  now    apply  the    result   of  the    lemma,   which    has  just   been 
proved,  to  the  form  of  the  reducible  integral  which  was  given  in  §  1.  (4). 
We  may  suppose  :  — 

(ip  +  X)  =  ^^^1)  (xd.;)  ;  (ip  —  x)  =  (^^^3)  (^^4); 
(^i^  +_^2Z)  =  (•^''^i)  C^^^o)  'Afs^  -   hx)  =  {xe.;}  (xe,)-  (23) 

('3^  +  ^iX)  =  (xe,)  (xe.;)  ;  (7^^  —  TJx)  =  (xe,^  (xe^); 
this    however   involves     an    agreement   concerning   the    way    in    wliich    the 
homogeneous  coordinates  of  the  points  (/.  e.   e  .  [i  =  12  3  4)  are    chosen. 
Also 

r  =  ^=~-  (J, ip^^  -  T,x')  (24) 

has  for  its 
first  polar  ^with  regard  to  an  arbitrary  parameter  the  cubic  involution 
itself,  i  .e  F  ^  F.. 

.'.  The  reducible  integral  §  1  (4)  has  the  form 

{ip   —    X)   {Xdx) 


[ 


I'Cs'V  +  '.X)  r=r,r^-3r;. 


(25) 
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The  transformation 
(26)  Z/i  =    U  y,  =    V 

can  by  a  linear  transformation  of  the  elliptic  integral,   he  thrown  into  the 
form   r  ^  r    ==0,  which  may  be  expressed  thus, — 

%Cr       y 

'''  —  *  dx,  y^  ~     ^  dx^' 

Let  us  examine  the  form  of  the    elliptic    integral.     Before    reduction 
we  have  the  hyperelliptic  in  the  form 

■0-  {xdx) 


i  {xd,y  {xe,)  (xd.^^^  (xe,)  r^Tj^'r' 


and  by  the  transformation  (26) 


X      e, 


.-.   Q  (xd,Y  K^e,)  {xd.^^   {xe^  =  (ye\)  ye,)  =  {L,  ip^y)    +  Liy)) 

(28)  and  r,^  r^  r.-  ^  j^^^'  ^  ^^X)  (yfi)  =  say  </(?/) 
and  we  also  have 

(29)  0/'/^)  ^  i^i>  {ocdx)    ^-) 
.'.  after  reduction  our  elliptic  integral  has  the  form 

^ ijiM 

(30)  ^  J    ^~^,ipiy)  +  J,x(y)]  g^y) 

where  C  is  some  constant. 

The  expression  F  ^  F  '  ^  FT  '   can  be  thrown  into  a  more  serviceable 

^  X        X  /.      fl 

form. 

F  ^f"  F.  F'  =^  ^F  'F'  \F.F'   +   F:  F  ) 

\         X  ^     X        X         ^        "^   ' 

Clebsch,  Bin.  Form  pg.  40 


,31)  .-.  r  =*  r' '  F.  F '  =  [/>/],  r'  —  i //„'^ 


1)    Bolza.    1.  c.  (34);  ~)  Ibid.  (38). 
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The  hyperelliptic  integral  must  therefore  liave  tlie  form 


(S2) 


(34) 


(35) 


Equations  (26)  and  (30)  give  us  tlie    transformation    and    the    elliptic 
integral, —  hut  we  have  still  to  find  the  constant  multiplier. 

From  the  theorem  §  4  and  equation  (27),  we  have 

^'x    •  ^\   '  ^x'  •  ^t/   =  ^  ^^^-  ^  +   ^^5f)  i<P  +  XY  (33) 

and  we  will  now  find  this  constant  q. 
We  have  from  equations  (23) 

j    «/^  +  X  =  (xJ,)  (xd,)  • 

1       kH'     +     kX     =      {^h)    {^^2)   . 

We  also  know  for  any  quantities  A  and  (.i,  that 

where  g  =  {xX)  {x(.i) ; 
then 

^J  ^-e,  ^x  '  ^e/  =  [[^'/^  +  ~^^  ^l  ^  -  i  ^^r  P  ^  +  "5^^ 

Comparing  this  with  the  equation  (33)  will  determine  Q. 

^  [T,ip  -\-l,x,T,r  -  kx'l  =  [hip  +  i,x,r]  (24). 

To  evaluate  this  we  find 

[^,r-]2=i-'^n^'.    [^,X']=  -  iA,,ip-   [x,ip'\'=--^A,,x 
whence 

[k^   +   kx,  n,   =   iT,T,{A,,ip    -    J,,x)  +  ^VA,o_ip  -iVA,,x. 
To  find  the  //„  we  obtain 

[ip'.ip%  =  i.4,,^2  ,  [V'Sxl>  =  -ii^^.V'^'  +  A,a'] 

and  others; 
then 

^^r  =  -T77~  f  f^'  ''^^^  ^'  +  ^'  '^22  ^'^  +  2T,  T3  [^,,  z^  _!_  j^^  ^.j]       (36^ 

and  remembering 
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equation  (35)  gives  us 

^^^^  Tx're\Tx-'Te.;   =  —=-  {l,ip  +   I,  x)  {ip   +   x)' 

^1  'i 

(^^)    where  V~Q  =  2  T,T,T,        '). 

Later  we  will  use  the  conjugate  invariant 

l/^  =  2   /j  /,  I,. 
We  must  therefore  collect  the  factors  which    equations    (29)  and    (37)  give 
US;  and  also  the  factor  Avhich  comes  from  the  ^ 

* = TTfn:  [^' -  "'1  ("> 

Theorem:     The  hyper  elliptic  integral 


'39)  i/3    n^     r 


m 


y^      ^1-         r  [<//(xj  -  x'x)]  {xdx) 


i  yjj^  J  1/  [i,ipi^)'+  /,xH  [br],r  -  -f  //r^] 

by  the  transformation 
reducestotheellipticintegral 


5 


'^[i,ip(y}  +  i,x(y)]  -g'y) 


§  6.    A  second  general  form  of  the  reducible  integral. 

We  can  express  these  integrals  and  the  reduction  in  terms  of  the 
biquadratic  V,  and  quantities  derived  from  Tj^^so  that,  knowing  T,  we 
could  find  the  integral.  " 

From  r  we  derive  the  functions  ®,*^,  and  X  in  just  the  same  way 
as  (f,i}J,  and  %  were  derived  from  ^;  and  let  n^,  n.^,  and  ng  take  the  place 
of  the  invariants  7?ii ,  m.^ ,  and  m^  in  the  work,  that  is,  be  the  roots  of 
the  cubic  resolvent  for  r. 

The  corresponding  quantities  of  V ,  we  will  denote  by,  - 
The  following  relations  hold  between  these  ns  and  cur  Is  ^) ;  — 
n.,    =    I2VU,        and  similarly        n.^  =  T/yQ', 

;  7Jj  .  Ji^  .  n^  =  -^  Q' 

and  between  the  Ji's  and  71  s-      -) 


"3 

Ij^, 

"1 

.  W2 

.nr- 

^)  Bolza,  1.  c.    85j.  2)  Ujj^i  ^gg^ 
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il 
Si 


tV  o        —^  n.,   =  713  —  rij , 


\\     O  -=:r-  ?J3     =     7i^ 


We  must  now  find  a  relation  between  these  new  functions  O,  f ,  and  X 
and  the  old  functions  ff ,  ^ ,  and  X- 
From  C'lebsch  we  know 

y   =  //^   +   m,  i^, 

whence  avo  draw 

0)  =  //p  +  «i  r 

=   2  7;  f}"^  (//^  +  w»i  ^) 

remembering  that  2  Tj^  7^  7|^   =  l/lT  ^^^^ 

and    to   /g 
Thus  we  find  that 


--  m^    - 

t  ^ 

'J. 

fc 

1 

■"  1/2  «i 

-   «>, 

and 

similarly 

y^ 

1 
V2«, 

^, 

X 

1 

^; 

(42; 


only  two  of  the  signs  of  these  formations  are  arbitrary  for  2  ®  ^  X  =  T 

Substituting  these  values  for  (f  ip  X 
we  obtain 


*2  "3 


and  r  =   ? (^2  _    jp2) 

and  substituting  these  values  in  the  result  of  the  last  paragraph  we   have 
the  following  general  theorem :  — 


1)  Bolza  1.  c.  (5),  (15)  and  (85).         ^)  Ibid  (72). 
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Theorem.  If  F  be  any  biquadrat  ic  qii antic  and  0,  'i*,  and  X 
be  the  three  quadratic  factors  of  T  Wj,  w,,?  and  Wg  the  roots 
of  the  resolvent  cubic  of  T,  and  g  an  arbitrary  quadratic, 
then  the  most  general  reducible  h  y  p  e  r  e  1 1  i  p  t  i  c  integral  has 
the  form 

r 

(43)     3_ 


(l/ng    ^  -  l/n^  X)   {xdx) 


{n,  -   n,y/-^  \   \/[i>h  in,  -  n,)  T  +  T^n,  {n,  -  n,)  X]  [{Tg\  T  -  ^  H^.  ^] 
and  reduces  to  the  elliptic  integral 


j/^[V»3°'  ^.2/)  +    yn,'X'y)]g(y) 


by  the  transformation 


3/i 


!/2  =  — T 


This  form  of  the  reducible  integral    is    now    completely 
independent  of  the  cubic  involution. 


(44) 


(46) 


§  7.    A  third  general  form  of  the  reducible  integral  independent 

of  the  Involution. 

Finally  we  will  express  the  integral  in  terms  of  new  functions,    ^,  r], 
and  C,  defined  in  the  following  manner:  — 

^         22       ' 

where  A\,  =  [OO],  ;  A\,  =  [^  ^],  ;  A\,  =  [XX],- 
whence  it  follows  at  once  that 

^4.,',  ^  M2  =  2, 

^4^^'  =  m,  =  2; 

also  A\,  =  i  (/ij  -  n,)  (n,  —  W3)  =  1^  S  -  7^)  (7^  -  T)   =  —  -|-    /,  I,  Q- 


and  .4^5,2  = 


/i  /,  i2. 
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.*.  We  have.*  — 


0)  =  ^-Q':^i  1,1,    J; 

i  i/'3"  , (46) 


2 

since  the  quadratics  O,  f ,  and  X  are  mutually  harmonic  it  follows  that 
?,  1^,  C,  are  also  harmonic;  we  know  also  the  discriminant  of  each  is 
equal  to  2.     (45). 

We  have  to  express    [gT].,  F  —  ^  H^  g   m  terms  of  ?,  rj ,  C. 

Since  r  =  K[l,7i''  -  /,C-]     ,  where  K  =  -^  Q''-^, 

[gr],  =  K[l,{g7i%  -  h(^^^ 

=  K[l,Bri  -  l,CO  -  i  ('3  -  y  9] 
where  5  =  (rjg).2  and  C  =  (C5')2. 

.'.  (.9^)2  r  -  i  //r  ^  =  i^^'  [(^3  J5i?  -  /,  CO  (^3  f  -  '2^')  -  ('3'^^  +  ^2n')9]  ^-47) 

where  K'^  =  —  -^  £2  =  -  3  T,'VT,'        §  5.  (23) 
We  find  also 

and  r  =  "-^  k  I.  h  Os  n'  -  h  r-) ; 

substitute  these   values  in  §  6.  (43)  and  we  obtain  the  theorem;  — 

Theorem.     If  ?,    rj,    and    C    be    three    quadratic    qua n tics 
mutually  harmonic  and  so  normalized  that  the  discriminant 

of    each    is    equal    to    2,    and   if    also     h,  kt  h}  ^i  ^  kj  k   he     any 
quantities  which  satisfy  the  four  relations:  — 

lx  +  k  +  1-6  =  0;  il/¥^=  I2  -l^',  i  V^T,  =h  -  h; 

2 
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and  if  ^  be  any  arbitrary  quadratic,   then   the   most  general 
reducible  hyper  elliptic  integral  has  the  form 

r vzh  V  -  ^ih  d  {xdx) 

(48)     i  VY  \  -,    /77== ,— ^   ,   r T 

J  [/  (4^  ^3  ^  +  ^i'/  k  ^)  [[k  Bri  - 1,  cc]  [k  n'  -  k  C^l  -  9  [i-^n'  +  k'  H 

(where  B  and  C  are  constants  equal  to  {'iig)^  and  {^g)^  respectively) 
and  reduces  to  the  elliptic  integral 

{y^ 

by  the  cubic  transformation 

^3  v'"^  '"i^  ^2/  —  '-'  ^  '^  Cx  Cy  =  0 
where  ij-x  =  rf'^x  =  ij 

This  form  is  againcompletelyindependentoftheinvolution. 
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Part  II. 

In  this  second  part,  we  propose  to  determine  all  those  singular 
cases  of  simultaneous  reduction,  where  the  octavic,  upon  which  the  hyper- 
elliptic  integral  depends,  is  the  same  for  two  integrals,  one  of  which  is 
reducible  by  a  transformation  of  the  second  degree  and  the  other,  by  one 
of  the  third. 

§  I.    General  case  of  reduction  of  the  second  degree. 

For  this  purpose,  we  first  determine  the  general  form  of  a  hyper- 
elliptic  integral,  of  the  first  kind,  and  of  genus  three,  which  is  reducible 
by  a  rational  transformation  of  the  second  degree. 

If  we  use  again  the  method  of  Jacobi^),  just  as  in  Part  I,  §  1, 
we  deduce  the  following  theorem. 

Theorem.     In  order  that  the  hy  p  e  rellip  tic   integral 


J 


q  {x^  X.2)  ixdx) 


i  R  {x^  x.^ 

where  q  {x^  x.^)  is  a  quadratic  and  R  {x^  x._)   an  octavic    qu antic? 
shall    be  reducible  to  the  elliptic  integral 

r  iydy) 

M         .  (49) 


^  (yi  —  ^1  Vt)  ii'i  —  h  3/2)  (yi  —  ^3  y-^  (.!/i  —  ^^4  2/2) 

M  being  a  constant,  by  the  trans  formation 

y.=  u 
y-2  =  V, 

where  Z7and  Fare  quadratic  qu  an  tics  in  {x^  x.,),  it  isnecessary 
and  sufficient  that  R  (^1^2)  shall  be  decomposable  into  four 
quadratic  factors  belonging  to  the  same  quadratic  invo- 
lution, and  that  the  quantic  q  (x^x^  shall  have  as  roots  the 
double  points  of  that  involution. 

By  a  parametric  representation  of  the  roots  of  R  {x-^^x.^)  as  points 
on  a  conic  section,  we  have  a  geometrical  statement  of  this  condition  for 
reduction  of  the  second  degree:  — 


»)  Hutchinson,  1.  c.    §  (1). 
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^he  points  of  R  iXi^x.^  must  be  so  situated,  that  we  can  pair 
them  in  such  a  way  that  the  four  joins  shall  pass  through  a  common 
point,  and  that  the  tangents  to  the  conic,  from  this  point,  shall  touch  in 
points,  which  represent  the  roots  of  q  {x^  x.^). 

§  2.    Singular  cases  of  reduction  of  tlie  second  degree. 

From  the  conditions  for  reducibility  determined  in  §  I  of  this  part, 
we  conclude  that  in  general  for  a  given  R  {x^  x.^),  which  fulfills  the  required 
conditions  of  §  1,  there  exists  but  one  reducible  integral.  It  may  happen, 
however,  that  R  {x^^  x^)  is  decomposable  in  the  required  manner  in  more 
than  one  way,  then  there  would  exist  more  than  one  hyperelliptic  integral 
of  the  first  kind,  with  the  same  octavic  R  {x^x.^,  which  are  reducible  to 
elliptic  integrals. 

These  singular  cases  can  be  determined  by  exactly  the  same 
method  which  J.  I.  Hutchinson  has  used  in  his  dissertation^),  where 
he  determines  the  singular  case  of  hyperelliptics  of  the  first  kind  and 
genus  p  =  2,  reducible  by  a  transformation  of  the  second  degree. 

Accordingly  we  first  determine  all  octavics,  which  are  invariant 
under  finite  linear  substitution  groups. 

For  each  of  the  octavics  so  obtained,  pick  out  all  the  trans- 
formations of  period  2,  which  interchange  the  eight  roots  in  pairs,  and 
for  each  such  transformation  find  the  double  or  stationary  points.  Having 
all  these  transformations  we  can  obtain  all  reducible  integrals. 

The  numerator  of  the  hyperelliptic  in  each  case,  is  that  quadratic, 
whose  roots  are  the  double  points  of  the  transformation. 

The  radical  is,  of  course,  always  VR  {Xi  x^)  and  we  may  use  for 
the  transformation  which  is  to  reduce  the  hyperelliptic  integral 

where  d^  d^  are  the  double  points  of  the   transformation. 

The  following  table  contains  an  enumeration  of  all  such  octavics, 
the  groups  under  which  each  is  invariant,  the  stationary  points  and  also 
the  number  of  distinct  reducible  hyperelliptic  integrals,  which  can  be 
obtained  for  each  octavic. 


i;  On  the  Reduction  of  Hyperelliptic  Functions  (p  =  2)  etc,  §  2.  Chicago  1897 . 
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§  3.  Cases  of  simultaneous  reduction  of  the  second  and  third  degree. 

After  these  preliminaries  we  turn  to  the  main  problem  of  this 
section,  namely  the  determination  of  all  eases  where  there  exist  two  hyper- 
elliptic  integrals  of  the  first  kind  and  genus  3,  which  have  the  same  R  {XyX^), 
and  where  one  is  reducible  by  a  transformation  of  the  second  degree,  while 
the  other  is  reducible  by  one  of  the  third. 

AVe  will  consider  this  from  a  geometrical  standpoint. 

By  means  of  the  parametric  representation  of  a  point  on  a  conic 
section  C\,,  we  have  the  following  geometric  interpretation  of  a  cubic  invo- 
lution due   to  Weyr. 

The  three  points  of  a  triple  of  the  involution  define  a  triangle, 
which  is  inscribed  in  the  conic  C.^,  and  circumscribed  about  a  conic  I.2, 
called  the  involution  conic. 

The  points  of  intersection  of  (7j  and  ig?  ^I'e    the  branch    points    of 
the  involution,  and  the  points,  where   the    common  tangents   to  C.^   and  I2 
touch  Co,  are  the  double  points. 

If  we  choose  for  the  triangle  of  reference  the  self  conjugate  triangle 
of  1-2,  the  conies  assume  the  equations  ^) 

(C)  x»  +  y^  +  z'  =  0 

n  '2  '3 

The  coordinates  of  the  double  points  are 

QX    ■^=  ^  kh   ' 

(51)  gy  =  ±  ^hk  ' 

9'  =  ±  i^S  ; 

and  those  of  the  branch  points  are 

Qx  =         l^   VlJi  ; 

(52)  Qy  =  ±1-2  ^M2  ; 

If  therefore  the  octavic  can  be  broken  up  in  the  two  ways  spoken 
of  above,  the  following  conditions  Avill  be  imposed  upon  the  positions  of  the 
eight  points  of  the  octavic  on  the  conic  C^. 

Since  the  cubic  reduction  is  to  take  place,  three  of  the  points  of 
R,  —  A,  B,  and  C  —  must  define  a  triangle,  inscribed  in  C.^,  and  circumscribed 
about  the  conic  I^,  a  second  triple  must  determine  another  such 
triangle  A'  B  C,  and  the  remaining  two  points  of  R,  must  be  two  of 
the  points  of  intersection  of  the  conies  C^  and  /g,  say  D  and  E. 
But  since  the  reduction  of  the  second  degree  is  also  to  be  possible, 
the  eight  points  of  R  must  be  so  situated  that  we  can  pair  them  in   such 


»)  Bolza,  1.  c.  pg.  90. 


23    — 


a    way    that    the    joins    of  the  four  pairs   shall    pass    through   a   common 
point,  0. 

Since  A,  B,  and  C  are  equivalent  to  one  another,  and  likewise 
A',  B'  and  C,  and  also  D  and  E,  we  obtain  ih  all,  the  following  five 
essentially  different  ways  of  pairing  the  eight  points:  — 


I. 

A  A'  ■ 

BB' 

;  CC  ;  DE. 

II. 

AB    . 

AB' 

;  CC  ;   DE. 

III. 

AB 

AB- 

;  CD   •  C'E. 

IV. 

AA' 

B'C 

;  BD  ;   CE. 

V. 

A  A' 

;  BB 

:  CD    :   CE 

(63) 


§  4.    Case  I.    aa'-,  bb'-,  cC;  de. 

Since  these  pairs  of  points  determine  lines  which  all  pass  through  a 
common  point  0:  we  can,  by  taking  as  the  fundamental  points  of  the 
binary  system  of  coordinates  on  C^  the  points  of  tangency  on  Cj  of  the 
two  tangents  from  0,  obtain  the  following  parametric  representation  of 
these  eight  points  upon  Cg :  — 

h 

Now  ABC  and  A  B'  C  are  triples  of  a  cubic  involution  and  we  find  the 
Jacobian,  or  double  point  equation:  — 


J\.       --^^^       K\          \       Ka 

A   ^         k, 

B  ^  I,    :  I, 

B'  ^         I, 

C   -^^  m^  :  Wg 

C    ---   —  m 

D  -"^  n,    '.  ru 

E    ^        n, 

(54) 


(55) 


^  =  -    -f-    [S  «1  ^1^    +    (^0  <^3    +    3  Oi  O2)    Xi"  X^^    +    O2  «3  ^2] 

where      a^  =  k^  I2  m^ 
3  ttj  =  ^k^l^  wig 
3  Og  =  ^  ^1  /i  Wg 
flg  =  k^  li  m^ 
and  the  branch  equation  is:  — 

6  Oq  flj  (oq  Og  —  Ci  a.^)  x^'^  -{-  (5  Oq^  ag^  —  30  a^  a^  a^  a^  —  27  a^^  a^^)  x^  x.^  -\-    (56) 

6  ttg  03  {%  03  —  fli  02)  ^2"^  =  0- 
.*.  We  see  from  the  form  of  (56)  that   if  p   is   a  branch   point,   then 
—  p  is  also.     Hence,  — 

When  in  a  cubic  involution  two  triples  are  such  that  we  can  form, 
by  taking  one  from  each,  three  couples  in  quadratic  involution,  then  the 
branch  points  of  that  cubic  involution  form  two  couples  in  the  quadratic 
involution. 

From  this  it  follows,  that  0  is  the  point  of  intersection  of  DE  with 
the  join  of  the  remaining  two  points  of  intersection  of  C^  and  1^,  and  hence 
according  to  the  theory  of  two  conies,  the  point  0  is  one   of  the   vertices 
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of  the  self-conjugate  triangle,  —  that  is,  the  lines  AA' ,  BB'  and  CC' must 
pass  through  this  point,  whence, 

Theorem:  —  Ifthe  points  of  any  two  triples  of  a  cubic 
involution  are  in  p.erspective,  the  centre  of  perspectivity 
is  a  vertex  of  the  self- conjugate  triangle  of  the  conic  Cg  and 
the  involution  conic  /g. 

Vice  versa,  — 

Let  0  be  one  of  the  vertices  of  the  self-conjugate  triangle,  join  it  to 
the  three  points  A  B  C  o{  any  triple  of  the  involution;  the  lines  will  cut 
C2  again  in  L,  M,  N:  prove  that  the  points  L,  M ,  N  form  a  triple  also. 

The  points  where  the  sides  of  the  self- conjugate  triangle  cut  the 
conic  Cj,  are  given  by  the  roots  of  the  functions  qi' ,  ijj  ,  %  ,  ^)  which  are 
the  factors  of  Tj^,  where  ^  is  a  biquadratic  whose  roots  are  the  points 
of  intersection  of  the  conies  C^  and  I.  i.  e.  is  the  branch  equation. 

These  functions  (p  ip'  and  x   can  be  normalized  so  as  to  take  the  form 

tp'  =  Ci  {x^x.^} 
(57)  ^'  ==  C,  {X,'  +  X,') 

X  =  Q  (Xi^  —  x^^)  where  the  C's  are  constants. 
Let  us  take  for  0  the  vertex  of  the  self- conjugate  triangle  opposite  side 
9)';  then  the  lines  drawn  through  the  point  0  cut  the  conic  C,  in  point 
pairs  of  the  involution,  X^  x^^  -\-  A2  0:2"  =  0. 

The  transformation  which  interchanges  the  points  of  a  pair  is 

*^1      ^~~  tX/*  tX/^     ""■    tX/.^, 

and  hence,  if  the  parameters  for  the  points  A,  B,  C,  be  <],  r,  s,  joining 
these  to  0,  the  parameters  of  the  corresponding  points  M,  N,  L  must  be 
—  q,  —  r,  -  s. 

And  we  can  prove  that  if  q,  r,  s  is  a  triple,  then  is  also  —  q,  —  r,  —  s, 
a  triple,  of  the  cubic  involution. 

For  the  quadratics  y' ?//'/'  which  we  derived  from  the  branch  form 

3  //  -f  J^ 

are  found  to  be  proportional  to  the  similar  factors,  (f,  yj,  x  of  T^;  for  T^ 

is   proportional    to    T  ^  jj  j^  j^ 

And  since  we  have  an  expression  for  F  in  terms  of  (f,  xp,  and  x  (24), 
which  by  using  the  normal  form  of  (/>,ip,x  (57),  assumes  a  form  which  involves 
only  even  powers  of  the  variables;  and  hence,  since  all  triples  of  our 
involution  are  given  as  roots  of  the  equation 


dxi  '"  dx.^ 


2 


')  W.  S.   Burnside.  —  On  the  Invariants  and  Covariants  of  a  Binary   Quartic 
etc.  —  Quarterly-Journal  Vol.  10.  pag.  211. 
F.  Meyer,  Apolaritat,     §  57. 
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if  qr  s  forms  a  triple,  then,  by  merely  changing  \he  sign  of  X^ :  A^,  —  q,  —  r,  —  s 
must  also  form  a  triple. 

Theorem.  If  we  project  a  triple  of  the  involution 
from  a  vertex  of  the  self- conjugate  triangle  upon  the  normal 
conic,  we  obtain  another   triple. 

Thus  we  have  a  perfectly  deiinite  position  0,  and  so,  a  solution  of 
our  problem. 

Being  given  i^  and  the  sign  of  J  which  are  necessary 
for  theconst  ruction  of  the  conies  C.j  and  7^,,  Ave  may  take  for 
0  any  vertex  of  the  self- con  jug  ate  triangle. 

Then  choosing  arbitrarily  any  point  A  on  the  conic 
C.J,  the  two  tangents  to7o  from  A  will  determined  and  C,  and 
projecting  the  points  A  ,B,  and  Cfrom  0  we  obtain  another 
triple,  A',B',  and  C.     This  was  the  required  arrangement. 

One  point  A  is  chosen  arbitrarily,  and  for  0  we  have  a  choice 
of  three  points,  but  after  that  all  is  completely  fixed. 

In  each  of  the  following  cases  there  is  a  finite  number  of  solutions, 
but  here  since  A  is  arbitrarily  chosen  we  have  a  single  infinitude. 

By  comparing  this  with  the  general  case  of  reducible  integrals 
given  in  §  7,  Part  1,  let  us  see  where  the  condition  is  imposed. 

In  the  general  case,  the  two  triples  of  the  octavic  are  quite 
independent,  being  given  by 

r  ^  i\  and  r'  3  r ' 

where  A  and  fi  are  the  roots  an  arbitrarily  chosen  quadratic   j{x). 
In  this  special  case  the  F  has  the  normal  form 

r=-i}/^7,J,T,    [[x,^  +  x/)    I,   -  2i  i/3  I,  X,'  X,']  , 

and  in  order  to  give  the  proper  arrangement  of  points,  {x  must  =  —  X, 
and  .'.  g{.r)  has  the  form  x^'^  —  A'-^a-c,^;  but  since  in  the  above  normal  form 
(p==Cj2  Xi  x.^,  g{x)  is  apolar  to  q,  and  since  (f  is  proportional  to  (P,  §  6,  P.  I 
and  O  is  proportional  to  ^,  §  7,  P.  I.,  the  condition  for  such  a  reduction 
is  that  g{x)  shall  be  apolar  to  $. 

Whence  we  have  the  theorem : 

In  order  that  the  most  general  reducible  integral  §(7) 
shall  specialize  to  the  present  case  of  simultaneous  reduc- 
tion by  a  cubic  and  by  a  quadratic  transformation,  it  is 
necessary  and  sufficient  that  the  quadratic  g{x)  shall  be 
chosenapolartothequadratic^. 

§   5.      Case   II.      AB,  A' B'  CC  and  BE. 

Set  us  take  0  (oCyy^z^  arbitrarily  in  the  plane.  Draw  the  two 
tangents  to  1^   from    0;   one    of   them   cuts  C^  in  the  points  A  and  B,  the 
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(59) 


(69) 


(61) 


(62) 


(63) 


(64) 


(65) 


other   in  the  points  A'  B'.     Let   the   points  of  tangency  of  these   lines  be 
K  and  K'. 

According  to  (50)  KK'  has  the  equation 


XX 


+ 


yjL 


4-   ^^  =  0 


I 


whence  we  have  the  coordinates  of  K  and  K 

^1  2'i     I     .  Vi  'i 

"3  ''2  ''3 


to  va  Co 


Qy  = 

QZ     = 


—    -7-2-    +    * 


/  2 


+ 


y 


2 


/  2 
*2 


where  ^^(^i^i^i) 


a;r' 


yi 


1^       /  2        1^       /  2  ' 

In  fq 


t-l  '2  '3 

we    have    hoAvever    the    following   relation  between  the  coordinates  x  y  z 
of  K  and  those  of  C  ,  xr/z  ; 

.'/  =  hy 


z    —  l.^z 


(Bolza.     1.  c.  60(a). 


Whence  we  obtain  for  C  and  C 

Xt  z 


gx  =  --^  ±  Y  ^i2  (^.  y^  ^i) 


Qy  = 


QZ 


,     _    XI 

ir  +  r 

I/O   Cq  l| 


VZAx^y^z^) 


X 


'2 '3 
2 


the  equation  of  CC   is 


^1^ 


^^i    ,   yjh 

T  '^  IT 
1  2 


/.2 


+   V  =  0, 
^3 


or  it  is  the  polar  of  the  point  0  (;rj  y^  z^)  with  respect  to  the  conic,  B2 

r  +  T  -^  T  =  ^    ^^^^- 

'1  '2  H 

But  to  fulfill  the  conditions  of  our  problem  CC  must  pass  through  0, 
.'.   0  must  lie  on  the  conic  B.2. 

But  0  must  also  lie  on  the  line  I)  E. 

Therefore  the  points  of  intersection  of  B.,  and  D E  are 
admissible  positions  for  0. 

Taking  for  D  and  E  the  points, 

(/>)     Qx  =  I,  ^Ij^  ;  {E)    gx  =  /j   Vljy  ; 


Qy  —  h  '^kk  ; 

Qy  —  k  ^h  h  ; 

QZ  —  l^  1/^3/3  ; 

QS  —  —  h  ^hk  1 
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the  points  of  intersection  are:    — 

Qy  =  h  ^S 

of  course  we  mcay  take   any   two   points   of  intersection  of  C.^    and   Zj    for 
our  cutting  line. 

§  6.    Properties  of  the  conic  B,. 

This  conic  B2  has  some  peculiar  properties,  and  is  closely  connected 
with  the  involution. 

I.  The    conic    B^    passes    through    the    double    points    of 
the  involution  on  Cg. 

The  equation  of  B^  is 

r-  7/2  2^ 

X  +  ^  +  X  =  '^      ^"" 

which  is  satisfied  by  the  four  double  points     (51). 

II.  The  conic  B.2  is  apolar^J  to  Jo. 
The  equation  of  B2  in  point  coordinates  is 


(66) 


4  '2  '3 

The  equation  of  J,  ^^  tangential  coordinates  is 

2  1 

and   since    ■    li  ^  —. —   =  0. 

H 
.'.   B2  is  apolar  to  Jg  .  B^  is  said  to  support  the  conic  I.2,  and  I2   to   rest 
on  B2. 

This  condition,  together  with  T,  is  sufficient  to  fix  B2 
completely. 

B2  must  have  the  form,  Q  -|-  A  /^o,  where  P2  is  some  fixed  conic 
through  the  four  double  points  of  the  involution. 

These  two  conies  Cg  and  D2  being  in  point  coordinates  the  condition 
for  a  polarity  of  B2  and  /g , 

[(7,  +  XD2  .  I2]  =  0_ 
is  linear  in  A,  and  therefore  sufficient  to  determine  A  uniquely. 

The  conic  B2  is  also  apolar  to  C.^. 

By  taking  5^  as  a  line  conic,  and  C^  as  a  point  conic,  we  find  that 
Cj,  supports  Z?2,  and  B2  rests  on  C,;  but  in  this  case  the  condition  for 
apolarity  will  not  yield  a  linear  equation  to  determine  the  constant  A. 


^)  Meyer,  Apolaritftt  and  Rationale  Curven  pag.  84. 
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III.  The  geometrical  meaning  of  apolarity  of  two  conies  is  that  a 
simply  infinite  system  of  triangles,  circumscribed  about  the  line  conic,  are 
self-conjugate  with  regard  to  the  point  conic. 

Here  this  means  that  there  is  a  single  infinitude  of  triangles, 
circumscribed  about  I.,,  self-conjugate  with  regard  to  the  conic  B.^. 

Indeed,  we  will  find  these  triangles  are  the  triangles  of  involution,  viz. 
those  inscribed  in  (J^  and  circumscribed  about  Jo. 

For  if  x^  ?/i  2i  be  any  point  on  C, ,  the  opposite  side  of  the  triangle 
has  the  equation 

—f \ 1 h  -^  =  ^  . 

'l  '2  '3 

Since  this  is  the  equation  of  the  tangent  to  T^  at  the  point  /^  x^  ,  'a^/i  ;  ^3  ^1  j 
which  is  the  corresponding  point  on  T2  to  x^  y^  z^  on  C,  (61),  being  also 
the  polar  of  the  point  x^  y^  e,  with  regard  to  the  conic  B^ ,  and  since 
exactly  the  same  reasoning  holds  for  the  other  two  vertices,  our  triangle, 
inscribed  in  C^  and  circumscribed  about!.,  is  self- con  jugate 
with  regard  to  the  conic  B.^. 

From  this  theorem  it  follows  at  once  that  the  intersection  0  of  two 
tangents  to  I2  cutting  C,  in  A  B  and  A'  B'  respectively,  is  the  pole  of 
the  line  C  C ,  which  was  the  theorem  we  proved  above  by  directly 
solving. 

Supposing  the  cubic  involution  given,  and  therefore,  the  conies  I.2 ,  C.2, 
and  B2,  then  we  have  the  following  general  theorem  concerning  any  two 
triples  of  the  involution :  — 

Draw  from  any  point  0  the  two  tangents  to  the  conic  Jg;  let  them 
cut  the  conic  Cj  in  the  points  A  B  and  A'  B'  respectively,  then  the  line 
joining  the  points  C  and  C  completing  the  triples  of  which  AB  and 
A'  B'  are  point-pairs,  is  the  polar  of  0  Avith  respect  to  the  ccnic  B^. 

IV.  The  points  in  which  the  common  tangents  to  B^  and 
C2  touch  C2  are  the  four   points,  F  =  0. 

The  common  tangents  are  found  by  solving 
„2  _|_  „2  _^  ^2  ^  0; 

.-.    gu   =:    ±\'/' 
QV     =    ±X'^ 

Q  w  =  +  /g    ;  but  the  tangent  to  Q  in  the    point   x^  :  x^   has 
the  coordinates  ^)  q^u  =  ^  m.^  —  m^   (p  =  a  r  l^  l^  (f 


>)  Bolza  I.  c.  (61). 
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or     Q  u  =  +   V  l^  i^  (f, 

QV    ==    +    ^  L  ^2  V^ 
QIC  =  ±'^  l^i^  % 


.'.  for  the   common   tangents  (>(p==r|y,     (>^=j'y,      (>x=]y' 

NoAv    r  =    /—     [^2  V'^   —    ^3  Z'"]     and    therefore     has    these    values 

for  roots. 

The  tangents  are 

X^'x  ±X''y  ±V'z  =  0. 
These  touch  B.^  also,  and  indeed  at  the  points  of  intersection  of  B.^  and  Jg, 

i,  c.     Q  X  =  +  l^*  li  . 


qy   =  ±l,fL 


2 


QZ 


=  +  iJl 


%  7.    Case  III.    ab,  a b' ,  en,  c'E. 

Take  arbitrarily  the  point  S  {x^  y^  z^)  in  the  plane. 

Join  SE,  and  ST),  and  produce  these  lines  to  cut  the  conic  C^  again 
in  C  and  C  respectively. 

Then  AB  and  .1'  B'  are    completely    defined;    indeed    by    §    3.    Ill 

we  know  A  B  and  A'  B'  are  the  polars  of  C  and  C    with  respect   to   the 
conic  Bj.. 

Let  AB  and  A'  B'  intersect  in,  0  then  in  order  that  the   conditions 
of  our  problem  be  fulfilled  0,  must  coincide  with  S. 

C  is  the  pole  of  ^4  i?  with  respect  to  J?^,      §  (3)  III. 

C  is  the  pole  of  A'  B'  with  respect  to  Bj,    §  (3)  III. 

.'.   0  the  intersection  of  AB  and  A'  B'  is  the  pole  of  CC . 
For  brevity  let  us  call  the  coordinates  of  C,  {x^y.^z^)   and   those    of 
C ,  (^33/3^3)- 

Then  0  is  the  pole  of  the  line 

^  (2/2 H  —  y-i^-i)  +  y  (^2 ^3  —  ^3 ^2 )  +  ^  (^2 3/3  —  ^3 2/2 )=  0 

with  respect  to  the  conic  B.^ 

"'  +  4^  +  ^  =  0. 


'1       '       '<        '  Js 

The  coordinates  of  0  are 

?^  =  ^1  (3/2^3  —  ^23/3) 

C3/   =  ^2  (^2^3  —  2^3  ^2)                                                 (67) 
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(68) 


(69) 


(70) 


(7i) 


(72) 


(73) 


(74) 


But  we  can  express  tlie  coordinates  of  C  and  C  In  terms  of  the  coordinates 
of  ^:- 

QX.,   =   zxy    {ax^   +  hy,  +  cz^)  —  a  C,  (x^  y^  ?,) 

Qy^  =  2  Vi  («-^i  +  hi  +  c^i)  —  f*  c;  {x^  .Vi  «i) 

^r,    =   ^  ^1    ("^1  +  %i  +  C2i)  —  c   i\  (^1  i/i  z^) 

QX^   z=   zx^    {ax^  +  %i   —  czj  —   a  C;  [x^  y^  z^ 

QVz   =  ^^1    («^"i  +  %i  --  c^i)  —  6  C,  (aJi^/i^i) 

C^3    =    ^  ^1    (a-z^i  +  %i   —  c^i)  +  c   C,  (a:i  ?/,  z^) 

where  C,  (a;,  r/,  z,)  =  a^^-  +  ?/,2  +  z^^  : 

and  the  coordinates  of  D  are :  — 

QX  =  li  ^  lyl^  =  a 


and  those  of  E  are :  — 


'3  "3 

^x  =  li   f  lili  =  a 

=  -  d  lT  =  -  c. 


p2 


"3  '3 


Whence  for  our  point  0  we  have  from  (G7)  (68)    and  (69) 
pre  =  /i  [^a;,    {bxi   —  o?/i)    -   6(7,  {x^y^z^)] 

Qy  =  hl^yi  (^^j  —  oi/i)  +  ^C",  (^lyi^i)] 

(>2    =  l^  [zzj_    {bx,    —  ay,)]   ; 

but  we  saw  that,  for  our  case,  0  must  coincide  with /S  (a;!?/^  c,),  whence:  — 
z  (/j   —  /g)  x^  {bx,   —  ay,)  =  lybC,   {x,  y,  z,), 
^  ik  —  Q  yi   {bx,  —  ayi)  =  4  o  G,  {x,  y,  z,). 

The    intersection    of  these    two    conies    (73),    will    give    us    four   possible 

positions  for  0, 

Two  of  the  four    we  can  see  at  once  are  the   points   D   and   E,   and 
such  positions  for  0  give  rise  to  degenerate  cases  only. 

The  other  two  points  say  0,  and  0.^  are :  — 

(0,)    QX  =  I,  Vl^,  {0,)    Qx  =  1, 1/7^, 

Qy  =  h  ^k  f^j_  Qy  =  k  ^k  h  J 

Qz  =  2^3^/31^  Qz  =  —  2lJk\, 

but  even  these  positions  give   rise    to    degenerate    integrals    only,    for   the 
join  of  Oj  to  E  determines,  as  C,  the  double  point  corresponding  to  E,  viz, 

^x  =  ^ l^  /j  Qy  =  ^l,  I,  Qz  =  —   y  l^ls, 

while  the  join   of   0.,  and  D   determines,    as    C,    the    double   point    corre- 
sponding to  V,  viz. 

^a;  =  V  ij^  Qy  =  1/4  l^ 


QZ    =    V/3/3 
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Thus  we  see  the  integral  in  each  case  is  degenerate;  the  radical  is 
over  an  expresion  only  of  the  fourth  degree,  since  one  of  our  triples  in 
each  case  has  become  a  branch  triple,  and  indeed,  one  including  a  branch 
point  already  in  Bg. 

This  gives  rise  to  an  interesting  geometrical  theorem:  — 
Being  given  the  two  conies  C^j  and  J^,  take  any  pointS 
arbitrarily  in  the  plane,  and  join  S  to  any  two  ofthe  points  of 
intersection  of  C,  and  I^,  say  2?  and  E.  Theselinescut  C^  again 
in  C  and  C,  and  the  points  C  and  C  have  ^J5  and  A'  B"  as 
polar s  with  regard  to  the  conic  B^  .  Let  AB  and  A' B'  cut 
each  other  in  the  point  0,  then  the  only  positions  for  S,  such 
that  0  shall  coincide  witli  it,  are  either  the  points  D  and  E, 
or  two  other  points,  one  on  each  ofthe  tangents  to  the  conic 
Jo   at  these  points  D  and  E. 

§  8.    Case  IV.    a  A'-,  b'c-  bd-,  ce. 

If  from  any  arbitrarily  chosen  point  S  in  the  plane  we  draw  a 
tangent  to  J^  cutting  C.,  in  the  points  B'  C,  then  the  point  A',  which  with 
B'C  forms  a  triple  ofthe  involution,  is  completely  determined;  join  A' 
to  S,  and  call  the  point  where  the  line  cuts  C^,  A,  then  the  polar  of  A 
with  regard  to  B^    determines   the   points   B,  C,   forming    a   triple  with  A. 

Take  any  two  branch  points  D  and  E,  join  BD  and  C  E^  and  let 
them  intersect  in  the  point  0;  then  in  order  that  the  conditions  of  our 
case  be  fulfilled,  the  point  0  must  coincide  with  S. 

§  9.    Case  V.    a  a-,  bb'  ■  en-,  c  e. 

Take  any  point  S  arbitrarily  in  the  plane  and  join  it  to  two  branch 
points  D  and  £";  these  lines  cut  Cg  again  in  two  points  C  and  C .  The 
polars  of  C  and  C  with  regard  to  the  conic  B.^  determine  the  points  AB 
and  A'  B'  respectively.  Let  the  lines  AB  and  A' B'  intersect  in  a  point 
0,  the  pole  of  GC  with  regard  to  the  conic  B.^  ;  then  in  order  that  the 
conditions  of  our  case  be  fulfilled,  the  point  0  must  coincide  with  S. 

The  last  two  cases  lead  to  results  too  complicated  to  be  given  here. 
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Part  III 


(75) 


(76) 


(77) 


§  I.    Involutions  containing  two  cubes. 

In  the  cases  considered  up  to  this  point,  we  have  always  supposed 
the  involution  to  be  perfectly  general,  but  let  us  now  consider  the  specia 
case,  in  which  the  cubic  involution  contains  two  cubes. 

As  Clebsch  has  shown  ^)  every  such  involution  may  be  written  in 
the  form 

where  Q  =  (/A)    and   A  =  (//),. 

Then  using  the  notation  of  Clebsch  we  find 


^  =  UQ)  =  - 
J  =  {fQ)-s  =  ^ 


2      "       5 


B^ 


12      ■*  J 


0 


SH  -\-  Ji^  =  -^  RA\ 


From  these  equations,  applying  the  method  of  Part  I  §  1,  wel 
find,  that  the  most  general  reducible  hy perelliptic  integral 
corresponding  to  this  special  form  of  the  cubic  involution, 
has  the  form 


/ 


A  (xdx) 


y  A  (AJ+  X,Q)  ifij^  fi,Q) 

The  conditions,  necessary  and  sufficient  for  such  a   special 
form  of  the  involution,  are 

J  ^\=.  0  and  r=  0. 

But  we  can  express  the  involution  (75)  in  the  normal  form") 

(78)  i\  x,^  -f  r,  x.,^  =  0. 


1)  Clebsch,  1.  c.  §  39. 

2)  Ibid. 
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Using  this  form  for  the  involution,  we  obtain  the  equations : 
^  =  x^^  x.^  ,?,  II  -\-  Ji>  =  \  x,^  x.,^ 

and  it  follows,  the  hyperelliptic  integral 

iCi  X.,  {xdx) 


r 

•^     ]/  x^x^    (A/  x^" 


,3  -f   X;x^)  ifi/x,'  +  fi,'x,')  (79) 

is  reducible  to  the  elliptic  integral 


•^      V'^/i^/s  iKl/i  +  ^^2'  2/2)  (^i'.Vi  H-  i"2'  3/2) 
by  the  transformation 

3/1  =  ^1' 

§  2.  Cases  of  simultaneous  reduction  of  the  second  and  third  degree. 

Is  it  possible  that  the  octavic 
or  in  its  normal  form, 

X^  X2    {a,^    X^       -f-    A..2    X2   )    {(li    Xi       -\-    fXo   X2   ), 

can    be  decomposed   in    such   a   way   as   to  yield  a  quadratic  reduction  of 
the  hyperelliptic  integral? 

If  this  be  possible,  then  the  octavic  must  coincide  with  some  one 
of  the  invariant  octavics  found  in  the  table,  Part  II,  §  2. 

This  is  impossible  so  long  as  A/  :  A2'  and  /t^' :  .Ug'  remain  arbitrary, 
but  if  X{  :  A/  =  ^t^' :  —  ^(^',  then  the  octavic  assumes  a  form  invariant  under 
the  dihedron  group  (n  =  3). 

By  making  use  of  our  table,  we  find  this  will  yield  us  three 
reducible  integrals. 

If,  in  particular,  Xi'  :  X.,'  =  /j,.^'  :  —  |u/  =  Ij  then  the  octavic  assumes 
the  form 

^1^2   (^1^  —  ^2")   ,  (80) 

invariant  under  the  dihedron  group  (n  =  6). 

In  the  same  way,  we  find  for  this  case  the  following  three  integrals 
and  as  they  are  obtained  later  by  a  completely  different  method,  it  is 
well  to  state  the  reduction  in  full. 

The  hyperelliptic  integrals 

I  .  for  n  =  0,  1,  2,  (81) 

V  x^  rco  {x^^  —  x.2^) 

are  reducible  by  the  transformation 
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2  n  +  1     . 

2  n  +  1     . 
y,  =  {x^  -  e 6^—'''  x,y 

to  the  elliptic  integral 


12  J 


2  1/2  6      12      "*    J      ^(^^3  _^  15  3,^23^^  ^  i5y^y^2  _^  y^3^  (3,^  _^^) 

In    order    that    the    octavic    shall    belong   to   the    dihedron    group  n  =  6, 
we  impose  the  condition  that 

in  the  triples 

K  /  +  '^a'  Q  and  iu/  /  +  n^  Q. 

What  does  this  mean  for  these  two  cubics?     In  the  normal  form 
V/  +  ^2'Q  =  ^1^   ~  ^2^  and  jtt//  +  i«2'Q,  =  ^1^  +  ^a^' 


/*!      O  '^  2 


i2,, 

2' 

^/  =  K 

If  now  we  choose  our  notation  so  that 

h,'\'   =  /and  Qi^'i^'    =  Q 
we  have  the  following  reducible  hjperelliptic  integrals:  — 

i=  1,2,3. 

where  o^^  =  f  and   Q  =  (jJffi)  (icttg)  (-cOs) 
and  the  theorem :  — 

For  a  given  octavic  A/Q  we  have  altogether  four  redu- 
cible hjperelliptic  integrals,  one  (79)  whose  numerator  is  A, 
reducible  by  a  transformation  of  the  third  degree,  and  three 
others  (82)  whose  numerators  are  the  first  polar  of  /  with 
regard  to  the  roots  of  Q,  by  transformations  of  the  second 
degree. 

§  3.    Integrals  treated  by  the  method  of  periods. 

In  this  last  part,  we  purpose  to  study  the  reduction  problem  for  a 
special  hyperelliptic  curve 

rf  =  a,-  (1    -  a.«) 


»)  Clebsch,  1.  c,  pag.  123. 
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by  means  of  the  Weierstrass-Picard  theorem  on  the  periods  of  reducible 
integrals. 

We  choose,  as  a  system  of  three  linearly  independent  integrals  of  the 
first  kind, 

Jdx  r  xdx  f  x^dx  (83) 

where  r/^  =  cc  (1  —  x^). 

Further  we  choose  the  cross  cuts,  which  render  the  Riemann 
surface  simply  connected,  as  in  the  adjoining  diagram;  Oj  (i=  0, 1,  .  .  .  .  6) 
denote  the  roots  of  t/-.      Such  cuts  form  a  canonical  system. 


Setting  1}   = 


«X  -  1 
cca — 1  dx 


where  y^  denotes  the  value  of  y  on  the  positive  side  of  cut,  and 

a;a— 1  dx 


r«,u 


^M   = 


Vi 


l«6 


Then  if 

2ft)^^    =  the   modulus   of   periodicity    of  ic^^  at  Ag  cut, 
and   2o>'g,^  =  the  modulus   of  periodicity   of  tv^  at  Bo  cut, 

we  have:     (See  for  instance  Appell  and  G our  sat) 


«'ai 

^2 

A     - 

-    A 

«'a2 

— ^ 

J. 

^3    - 

-i'4 

«'a3 

^6 



P, 

««i 

— 

^I 

A  - 

n 

«a2 

= 

I, 

^3    = 

i'l 

+ 

^3 

— 

(Po   + 

^2) 

«'a3 

Jl 

+ 

^3  + 

A 

A 

P^ 

-A- 

-(n   + 

^^2 

+    ^4) 

We  find  easily  P>    =  -K'a  0 


,A 


where    ^«   =  }LjL_  12 


I  n; 


and   0  =  j2«-l  =   g(2a-l)  — 


(2„  +  2p  -  1) 
12 


(84) 


(85) 


We  will  choose  for  our  integrals  to  work  with 

W,    =  '^^  ,  ^2   =  ^^  ,   and    W,  =^^ .  (86) 

For    W^   (a  =  1,2,3)  we  have  the  table  of  half  periods 

3* 
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-'a.  =  0  (1    - 

-  0) 

««.  -  ©Ml  - 

-  0) 

«a3    —    0' 

«' ai     =0    —    1 
0*  -  1 


0) 


a3 


Hence  we  deduce  the  table  of  half  periods: 

■"X  -^2  -^z  -^1 

i  (1  —  i)  ;  i'  (1  -  ;)  ;  i^  ;  i  —  i 


0*^—  1 

0  +  1 


B.. 


B. 


(87) 


W, 


W. 


W. 


P  (1  -  i)  ;  f  (1  -  f ) ;  P' ;  i'  -  i 


j'  -  1 

.  i^  -  1 

j  +  1 

'  i  +  1 

jl2    _     I 

jl8     _     1 

P    +     1 

'     f    +     1 

j20    _    1 

.    J''     -     1 

i^  +  1  '  i^  +  1 

Now  denoting  by    Cfj^^^   the  half  period   of  W^   at  the  cross  cut  A^ 
and    (o'^o  the  half  period  of  W^^   at  the  cross  cut   B^ 
we  obtain  after  a  little  computation 

Vs  -  1 


(88) 


«u  = 2 ^^  ~  ^^ 

fTj     j«i2    =  -F  +  t   (1    -  -y) 

=  -I-  (i  -  V  3 ) 

1/3  +  1 


to 


UJ 


V3  + 


n 


12 


—  1 


3  -  ]/3  ,.        .. 

s (^  —  1) 


w 


13 


0,-^3   =  i  (2  -  )/3)  -  1 


W,    I 


21  —         2 

<»22    =    —     (1     +    i) 


(i  -  1) 


co'gi    =  i  —   1 
~       =0 


CO 


22 


^'»23 


0)23     =    i    —     1 


IK 


ftJ 


31 


CO 


32 


CO 


33 


=   ^(^-1) 
=    i    +    i    (1    +    ^) 

=  i  (i  +  1/ 3) 


)/3 


CO 


CO 


CO 


31 


32 


33 


2 

3+1/3 


—  1 

(i  -  1) 


t  (2  +  1/3)  —  1 


(89) 


Form  the  following  integrals 

"2  =    ^n  , 


Uo 


V3 


we    can    see    from    the    above    table    that    these    will    have    very    simple 
periods. 


V-iX 


<9^ 


A.  + 
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The 

table  is 

A, 

A, 

As 

^1 

2% 

• 

2t 

^2 

1    +   i 

—  l—i 

i 

M, 

1   —  i 

—  i 

—  1 

^i 

5, 

B, 

2i        3 

3  (i  -  1) 

bi       3 

i  -   1 

0 

i       1 

1 

1  -  i 

2 1 

I 


The  integrals  j/^,  i/g,  M3,  must  be  reducible  to  elliptic  integrals,  since 
their  periods  are  all  expressible  in  the  form 

a  -\-  bi 

where  a  and  b  are  rational  ^).     Here  indeed  they  are  integral. 

The  degree  of  the  transformation  which  reduces  the  hyperelliptic 
integral  ^)  is  when  the  a'n  and  b's  are  integers 

^  =  -^  K  ^2  +  „   —    t„    03  +  „) 
n 

where  the  periods  for  the  cross  cuts  A  are 

«7i    +    ^n  ^         "  =  1;  2,  3, 

and  for  cross  cuts  B 

«n  +  3    +   &„  +  3    i  n  =  1,  2,  3. 

We  will  now  apply  the  Weierstrass-Picard  theorem  to  the 
integral  i/g. 

According  to  this  theorem,  the  periods  of  a  hyperelliptic  integral 
which  is  reducible,  can  by  a  canonical  linear  transformation  be  reduced  to 
the  following; 

At        A,        A,        B,        B,        B, 
km  0  o  (6  0)  0  . 

The  canonical  linear  transformation  of  the  periods  of  u^,  which  is 
necessary  to  reduce  them  to  such  a  system,  is 

■^1    =  «i  +  <«3  —  «/  +  ^2    —  f^3 

^i    ==  "1  —  ^h    —  ^3' 

■^3    =  ^2 

^1'  =  «i  —  "2' 

^2'  =  <«3  —  ^h   +  ^2 


^3    =  —  «i 


w 


2 


Calling  the  paths  at  which  the  integral  Wg  has  the  new  periods  {Q^^ 

I     Li  L2  ig  L^  L^  Lg ,   we    obtain,   by   applying   this   linear  transformation    of 
periods  to  the  integral  u^  u^  ii^,  the  following  table. 


*)  See  concerning   the   reduction   problem  Weierstrass  Acta  Math.  4,   pag. 
396;  Pi  card,  Bulletin  de  la  S.  M.  F.,  Vol.  11  and  12;  Poincare,  Bulletin    de   la  S. 
M.  F.,  Vol.  12,  and  American  Journal,  Vol.  8. 


(90) 


(92^ 


(93) 


—    3S     - 

Z/2  -^3  -'-^4  -^5  ^'6 

(94)  „^      3       _6i+3      3i  —  3      —  t  Si        —  3i 

0  0         -  1  +  i         1  0 

Si  I  —  i  i        —  1— t    --1  +  2i 

From    these  we    obtain    for  the   normal  integrals  v^    for  the  same 


(95) 


(96) 


U 

«1 

3 

^2 

3 

Us 

0 

paths 


Li  ij 


L, 

L,          L, 

^6 

0 

t(^"-1)    i 

0 

0 

i     i(^--l) 

2 

1 

0            i 

2 1 

«i  1  0 

Uj         0  1 

Ug  0  0 

These  integrals  are  again  reducible,  since  their  periods  are  expressible 
in  the  form  a  -\-  hi  where  a  and  h  are  rational. 
The  degree  of  the  reduction  is 

n 
where  a's  and  b"'8  denote  the  a's  and  Vs  for  3  Ui,  or  3  v^  or  rg  i.  e.  integers; 

for  «!       k  =  S 
for  ^2       ^  =  6 
for  Vg       A:  =  2. 
The  integrals  themselves  have  the  forms 


r(\)    1 


03  (/a? 


^^"^^  '  ^/_L)    in     \    ix  {I   -  x^) 

(Compare  the  reducible  integral  in  Part  III,  §  1,  where  the  reduction 
was  of  the  third  degree.) 

i2  n  {\  —  i)        r    (1    -   x^)   dx 


(98)  V.     = 


JQlv  (1  +  0        2^i     r       (cc2  -  g^)  Jcc 


(99)  v^     =  /j_N        /4\      e   3 


r(h)  r{h)    '       J       i/cc  (1  -  cc«) 

From  examining  the  periods  of  UiUgfg  we  can  easily  see   that  any- 
integral  of  the  form 

(^1  +  ^lO  Wi  +  {q-2  +  ^2'>2  +  {q^  +  ''s*')  »3 

where  the  q's  and  r'*  are  rational,  must  also  have  its  periods  expressible  in 
the  form  a  -{-  hi  where  a  and  h  are  rational  and  theretore  all  such 
integrals  must  be  reducible. 

As  a  particular  case  of 
(100)  {q,   +  r^i)  Ui  +  {q^   -f  r^i)  lU  -|-  {q^   +  r^i)  Vg 

we  have  S  v.^   —   2  Vg  as  a  reducible  integral. 
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I  Call  it  N^.      We  find  actually 

r  (x^  4- 1)  <jx         (1  +  i)  ^^  rt 

No  ^=^  k    \       ,  where  k  =  ,  ^  (101) 

J    ^/x^^-^')  r(h)  r(^)  ' 

N,2  has  the  full  periods:  — 

0,3,-2,1,  —  2,  —  t. 
As  another  case  of  (100),  3  y^  —  i?3  =  iVg  is  reducible. 


N^  =  ke-^ 


l/x  (1  —  cc") 


A'^g  has  the  full  periods:  — 

0,3,-1,1,1—2,2. 
Both  Ag  and  A3  have  A;  ==  2,  and  this  is  also  true  of  v^. 

Take  2Vi  =  tfg  =  ^6-3"      \      -^ -A_^_ 

J  Vx  {{   —  x^) 

with  full  periods :  — 

0  ,  0  ,  1  ,  0  ,  1  ,  2  i. 

But  these  three  integrals  we  have  already  discussed  from  the  involution 
side  of  the  question;  for  they  are  identical  with  the  three  in  (81)  of  this 
chapter. 

The  integrals  A',  A^,  A'g  were  first  found  by  the  period-method  by 
experimenting  with  the  following  theorem. 

Suppose  we  have  three  integrals  Vj,  v.,  Vc^,  whose  periods  are  repre- 
sented along  the  same  set  of  paths  in  the  following  way; 

for  ^1         w^i  =  fli/.   +  b^}i  ]  X  =  1 6. 

for  V.2         w,i   =  a^i  -{-  b.2ii  •  k  =:   1 6. 

for  «3         iv^i  =  a^i   +  6o>_  i  ;  A  =  1 6. 

a's  and  b'a  are  rational. 

Consider  an  integral  of  the  form 

(m^  +  nj  t)  Vi  -f  {m^  +  n^  i)  u^  -f  (wg  +  Wg  i)  Vg, 

and  knowing  the  value  of  k    for  the  y'.«,  form  the    k    =  2  (a'„  6'„  ^  3  — 

o  n  -f-  3  ^n)  for  tl^is  integral  where  m^  n^  a  ^  and  h'  i  are  integers,  t  =  1,  2,  3. 

Then  k  is  a  quadratic  in  77t'«  and  ns  which  were  supposed  integral 
or  only  rational  and  we  have  to  choose  suitable  values  of  the  vrCs  and  «'« 
to  make  /:  =  2  or  any  other  desired  number. 


(102) 


(103) 
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§  4.    The  determination  of  all  reducible  integrals. 

Let  JL/  1^2 ZLg'  be  any  other  canonical  system  of  period-paths, 

then  the  periods  of  y^,  i'2,  U3,  at  these  paths,  are  easily  seen  to  be  of  the  form 

a  -\-  hi 
where  a  and  h  are  rational. 

But  from  this  it  follows  that  the  normal  integrals  v^'  v^  v^  belonging 
to  the    new   paths  derived  from  v^  Ug  v^  according    to  the    ordinary    rules, 
are  of  the  form 
(104)  (oi  +  &i  i)  Uj  +  (a,  4-  b,  i)  v.^  -f  (ug  +  63  i)  U3, 

where  Of  and  hi  are  rational  and  therefore,  according  to  a  previous  remark, 
they  are  reducible.     Hence  all  normal  integrals  are  reducible. 

But  we  can  prove  that  all  reducible  integrals  are  normal ;  for  by  the 
Weierstrass-Picard  theorem  we  know  that  if  an  integral  is  reducible 
we  can  find  a  canonical  linear  transformation  of  the  periods  which  shall 
reduce  them  to  the  following  system  ^) 

^  CO  ,  0  ,  0  ,  w'  ,  ft)  ,  0  ; 
and  now  if  we  divide  the  integral  itself  by  the  constant  k  w,  we  have  for 

its  periods 

ft)       1 
1,0,0,  - — ,  —  ,  0 

which  shows  that  the  integral  must  be  normal. 
Hence  we  have  the  theorem, 

Every  integral  of  the  form 

^(t)    1    r         ^j^  V2lt  (1  -  i)  [  (l-:.3)Ja; 

(a,   +   b,i) —  \     ,     ^.  +   (^2  +  hi) 


^M 


^^^  Vnyxa-x^)^'''^  '^  r(^)  r(^)  J  1/^(1  -^'') 


C*      .    .  5rti 


1     /        I     ;    •^    ^6  ^  (1   +  i)      2^^  "     (x^^  -  e^^)  dx 


r(_L)    r(A)  \     ixii-.^) 


where  «,•  and  6;  are  rational,  is   reducible   to  an  elliptic  integral, 

and   there    are  no  other   hyper  elliptic  integrals    of    the    first 
kind  belonging  to  the  equation 

which  are  reducible  by  a  transformation  of  any  degree. 


1)  See  foot-note,  page  37. 
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